We consider the bipartite version of the degree/diameter problem, In addition, we discover three new largest known bipartite (and also vertex-transitive) graphs of degree 11, diameter 3 and order 190, result which improves by 4 vertices the previous lower bound for N b (11, 3).
Introduction
Consider the degree/diameter problem for bipartite graphs, stated as follows: and D ≥ 3 they may only exist for D = 3, 4 or 6 (see [3] ). It has also turned with given maximum degree and diameter. In spite of these efforts and the wide range of techniques and approaches used to tackle these problems (see [8] ), in most cases there is still a significant gap between the current lower and upper bound for N b (d, D).
In this paper we restrict ourselves to the case of bipartite graphs of diameter 3, and present some modest contributions in both directions. When D = 3 there is a bipartite Moore graph whenever d − 1 is a prime power (namely, the incidence graphs of projective planes); however, there is no The results and ideas exposed here are, in a great extent, a continuation of the precursory work initiated in [4] . We provide structural properties 
Notation and Terminology
Our notation and terminology follows from [4] , which is standard and consistent with that used in [2] .
All graphs considered are simple. The vertex set of a graph Γ is denoted by V (Γ), and its edge set by E(Γ). For an edge e = {x, y} we write x ∼ y.
The set of edges in a graph Γ joining a vertex For a vertex x lying on a short cycle C, we denote by rep C (x) the vertex Finally, we introduce some special graphs. The union of three independent paths of length t with common endvertices is denoted by Θ t . For an integer m ≥ 5, Φ m denotes the bipartite graph with vertex set V = {x i |0 ≤
Note that Φ m is vertex-transitive. Throughout this paper we do addition modulo m on the vertex subscripts of a Φ m .
Preliminaries
We begin with the regularity condition for bipartite graphs with small defect.
In particular, we will implicitly use the fact that a bipartite From the paper [4] we borrow the following results: x is contained in exactly three (2D − 2)-cycles. Then
(ii) x lies on exactly two (2D − 2)-cycles, whose intersection is a ℓ-path with ℓ ∈ {0, . . . , D − 1}.
As in [4] , often our arguments revolve around the identification of the elements in the set S x of short cycles containing a given vertex x; we call this process saturating the vertex x. A vertex x is called saturated if the elements in S x have been completely identified. Then, in Γ there exist a vertex µ ∈ {µ 1 , µ 2 , . . . , µ d−2 } and a short cycle C 1 such that γ and µ are repeats in C 1 , and C ∩ C 1 = ∅.
Lemma 3.2 ([4]
, Repeat Cycle Lemma) Let C be a short cycle in a bi-
of neighbors of C, and
Suppose at least one I j , for j ∈ {1, . . . , k}, is a path of length smaller than D − 2. Then there 
On bipartite graphs of diameter 3 and defect 4
In this section we present additional structural properties for bipartite graphs of diameter 3 and defect 4.
Note that Γ 2 is the union of all graphs in Γ isomorphic to Θ 2 ; these graphs are pairwise disjoint, so they are the connected components of Γ 2 . In addition, Γ 1 is the union of all graphs in Γ isomorphic to some Φ m for m ≥ 5; similarly, these Φ m are the connected components of Γ 1 . Proof.
Let G, G ′ be two connected components in Γ 0 such that a branch vertex Figure 4 (a). We apply the Saturating Lemma (by mapping the cycle
, and obtain that y 1 is adjacent to x ′ 1 . Similarly, y 2 is also adjacent to x ′ 1 (see Figure 4 (b)), but then there is a fourth short cycle 
Proof.
Let G, G ′ be two connected components of Γ 1 and Γ 2 respectively, such
be as in Figure 5 (a). We apply the Saturating Lemma (by mapping cycle y i x i−1 y i−1 x i y i to C, y i to α, y i−1 to α ′ and x ′ 0 to γ), and obtain that y i−1 is adjacent to x ′ 1 . Similarly, y i+1 is also adjacent to x ′ 1 (see Figure 5 (b) ). But then, there is a third short cycle y i+1 
Let G ′ be a connected component in Γ 2 with a non-branch vertex y ′ 0 adjacent to a vertex x 0 in Γ 0 . Let {x 0 , x 1 , x 2 , x 3 } be the minimal closed set of repeats containing x 0 (x 2 not being a repeat of x 0 ), and let the vertices
be as in Figure 6 (a). We first apply the Saturating Lemma (by mapping the cycle x ′ and x 1 to γ, we obtain that y ′ 2 is adjacent to x 2 (as it cannot be adjacent to x 0 ). Analogously, y ′ 0 is adjacent to x 3 (see Figure 6 (b) ), but then there is a third short cycle in Γ containing x 0 , a contradiction. ✷ 
Proof.
This clearly holds when j ∈ {i, i + 1, i − 1}; see the description of Φ m .
Suppose j ∈ {i, i + 1, i − 1}. Since all the vertices in G are saturated,
we have |i − j| ≥ 4. According to the Saturating Lemma (by mapping the cycle x i y i x i+1 y i+1 x i to C, x i to α, x i+1 to α ′ and y j to γ) we have either
it is easy to see that, by repeatedly applying the Saturating Lemma (to the cycles x i+p y i+p x i+p+1 y i+p+1 x i+p for p = 1, 2, . . .) we obtain there is an edge x r ∼ y s in Γ such that 2 ≤ |r − s| ≤ 3, which is not possible. Thus
and, by induction, x i+k ∼ y j+k ∈ E(Γ) for every k. ✷ Suppose there is at least one edge in Γ joining a vertex in G to a vertex in
Denote 
If t is the number of short cycles in Γ 0 then, by a simple counting argument, Γ 0 has 2t vertices, half of them in each partite set. Recall that V (Γ 0 ) is a closed set of repeats. Since a minimal closed set of repeats in Γ 0 contains exactly 4 vertices belonging to the same partite set, we have t = 4k and then
Also, the Repeat Cycle Lemma ensures that the graph G depicted in Suppose there is in Γ at least one edge joining a vertex in G to a vertex in Proof.
Since the connected components of Γ 2 are graphs isomorphic to Θ 2 , we have that 5 must divide |Γ 2 | = 82, a contradiction. ✷ Proposition 4.2 Let Γ be a bipartite (7, 3, −4)-graph. Then Γ 1 cannot be a spanning subgraph of Γ.
This is a computer-assisted proof. Proof.
Let G = Φ m be a connected component in Γ 1 . We prove that m is even.
If G has a neighbor in Γ 0 then, by Observation 3.8, we have m ∈ {8, 12}.
If instead G has no neighbor in Γ 0 and m is odd, then there must be a
and, according to Observation 3.5, m ≥ 5 must be an odd divisor of m ′ , which is not possible.
From the above and Observation 3.6 it follows that |Γ| ≡ 0 (mod 4), which contradicts |Γ| = 82. ✷ Proposition 4.7 Let Γ be a bipartite (7, 3, −4)-graph. Then Γ 2 ∪ Γ 1 ∪ Γ 0 cannot be a spanning subgraph of Γ.
Proof. In this paper we offered several structural properties for bipartite graphs of diameter 3 and defect 4. Using these properties we showed the nonexistence of bipartite (7, 3, −4)-graphs, which proves the optimality of the known bipartite (7, 3, −6)-graph on 80 vertices. This is just the second nonMoore bipartite graph known to be optimal.
We would also like to emphasize that, using the results of Section 3 and reasoning as in Section 4, it is possible to prove as well the uniqueness of the only known bipartite (5, 3, −4)-graph depicted in Figure 3 , and the nonexistence of bipartite (6, 3, −4)-graphs.
In addition, some of the results in Section 4 could have been stated for any bipartite (d, 3, −4)-graph by providing a more elaborate proof. However, we decided to omit this extension as it does not lead to any conclusive outcome on the existence or otherwise of bipartite graphs of diameter 3 and defect 4 in general. We nevertheless feel that the following conjecture is valid. 
